PACKING SYMPLECTIC MANIFOLDS BY HAND 



FELIX SCHLENK 



Abstract. We construct explicit maximal symplectic packings of min- 
imal rational and ruled symplectic 4-manifolds by few balls in a very 
simple way. 



1. Introduction 

Consider a connected 2n-dimensional symplectic manifold (M, u) of finite 
volume Vol {M,uj) = ^ /j^jo;", and let ^^"(a) be the open ball of radius 
y/a/ir in standard symplectic space (JR^"' , ujq) . The k'th symplectic packing 
number pk{M,uj) S ]0, 1] is defined as 

fcVol (i?^"(a).^o) 
p.(M,..) =sup ^^^^^^^^ 

where the supremum is taken over all those a for which the disjoint union 
Y[i=i B'^^{a) of k equal balls symplectically embeds into (M, w). If pfc(M, u) < 
1, one says that there is a packing obstruction, and if pfc(M, = 1, one says 
that (M, io) admits a full packing by k balls. The first examples of packing 
obstructions were found by Gromov, jl6j . and many further packing ob- 
structions and also some exact values of pk were obtained by McDuff and 
Polterovich in 36 . Finally, Biran showed in [^E] that 

(1) P{M,uj) := mf{ko G N | Pk{M,uj) = 1 for all k>kQ}<oo 

for an interesting class of closed symplectic 4-manifolds containing sphere 
bundles over a surface and for all closed symplectic 4-manifolds with [lo] S 

Besides sporadic results on the first packing number pi and besides the 
determination of p2 (-^(ai, . . . , a„)) in jHO], all known computations of pack- 
ing numbers are contained in |36| IH l5] . We refer to Biran's excellent survey 
for the methods used, and only mention that in [HEl IS IHj the problem of 
symplectically embedding k equal balls into (M, a;) is first reformulated as 
the problem of deforming a symplectic form on the /c-fold blow-up of (M, lo) 
along a certain family of cohomology classes, and that this problem is then 
solved using tools from classical algebraic geometry, Seiberg-Witten-Taubes 
theory, and Donaldson's symplectic submanifold theorem, respectively. As a 
consequence, the symplectic packings found are not explicit. For some of the 
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symplectic manifolds considered in [201 IS IHj and some values of k, explicit 
maximal symplectic packings were constructed by Karshon |2j, Traynor 
|45j ■ Kruglikov |23j . and Maley, Mastrangeli and Traynor, [201 • ^^^^ arti- 
cle we construct all known and also some new explicit maximal packings of 
symplectic 4-manifolds in a very simple way. To be more precise, we con- 
struct maximal packings different from those in \21\ I45| I23| I3nj of the 4-ball 
and of CF^ by A; < 6 balls and by P balls for each Z S N, of the product 
of two surfaces of equal area by 2P balls, and of the ellipsoids E{tt, kir) and 
E{Tr, a) by k and 2 balls, respectively. In addition, we construct maximal 
packings of 5^ x S"^ by A; < 6 balls for all symplectic structures and by 
7 balls for some symplectic structures, as well as maximal packings of the 
non-trivial bundle S"^ ix 5^ by < 5 balls for all symplectic structures and 
by 6 balls for some symplectic structures. In the range of k for which these 
constructions fail to give maximal packings, they give a feel that the balls 
in the packings from |361 IH [31 must be "wild" . We shall also construct an 
explicit full packing of the 2n-ball by l"" equal balls for each / G N in a most 
simple way. 

In the next section we give several motivations for the symplectic packing 
problem. In Section[21we collect the packing numbers of interest to us, and in 
Section 0] we construct our maximal packings of symplectic 4-manifolds. In 
the last section we overview what is known in dimensions > 6 and construct 
full packings of the 2n-ball by /" balls. 

Balls will always be endowed with the standard symplectic form ujq = 
^^=1 dxi A dyi. Since the packing numbers pk [B'^^ (a) , loq) do not depend 
on a, we shall usually pack the unit ball B^"^ := (i?^"(7r), wq) . 



2. Motivations for the symplectic packing problem 
1. Higher Gromov widths 
The Gromov width 

wg{M,u!) := sup{a | B'^^\a) symplectically embeds into (M, u;)} 

of a symplectic manifold (M, u) measures the size of a largest Darboux chart 
of (M, a;). It is the smallest normalized symplectic capacity as defined in 
[ini p. 51], and we refer to [i [SI [HI [HI [13 20, 22, 25, 26, 29, 32, 35, 36, 381 
142 [ I43j for results on the Gromov width and to Section 01 below for explicit 
symplectic embeddings realizing wg{M,lo) or estimating it from below. If 
(M, a;) has finite volume, the first packing number pi (M, u) is equivalent to 
the Gromov width. 



|Ji(M,u;)Vol(M,u;) = -(wg{M,u:)Y. 
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Wq{M,uj) := sup < a 



Similarly, the higher packing numbers pk{M,uj), k > 2, are equivalent to 
the higher Gromov widths 

JJ^ 5^*^(0) symplectically embeds into (M, w) > , 
i=i J 

which form a distinguished sequence of embedding capacities as considered 
ini. 

2. "Superrecurrence for symplectomorphisms" via packing ob- 
structions? 

In view of the Poincare recurrence theorem, volume preserving mappings 
have strong recurrence properties. The solution of the Arnold conjecture 
for the torus by Conley and Zehnder in 1983 demonstrated that Hamil- 
tonian symplectomorphisms have yet stronger recurrence properties. As 
was pointed out to me by Polterovich, the original motivation for Gromov 
to study the packing numbers pk was his search for recurrence properties 
of arbitrary symplectomorphisms which are stronger than those of volume 
preserving mappings. 

We explain the relation between "superrecurrence for symplectomorphisms" 
and symplectic packing obstructions by means of an example. Let B and B' 
be the open balls in R,^*^ centred at the origin of volumes 2" — ^ and 1, respec- 
tively. For every compactly supported volume preserving diffeomorphism ip 
of B set 

R{lp) = min {m E N I (^"' {B') n = 0} . 

Of course, R{'^) < 2" — 2, and using Moser's deformation argument, for 
which we refer to |19| p. 11], it is easy to construct a (p with R{'^) = 2^ — 2. 
The packing obstruction P2{B) = proved by Gromov in ^H] shows, 

however, that R{^p) = 1 if (/9 is symplectic. 

This motivation for symplectic packings lost some of its appeal by the 
work of Mc Duff-Polterovich and Biran. Indeed, in dynamics one usually 
asks for recurrence into small neighbourhoods of a point. To establish re- 
currence of small balls we would need packing obstructions for large k. In 
view of 36, Remark 1.5.G], these obstructions asymptotically always vanish, 
and in view of they completely vanish for many symplectic 4-manifolds. 

3. Between Euclidean and volume preserving 

Volume preserving packings. Consider a connected n-dimensional manifold 
M endowed with a volume form 0, such that the volume Vol (M, Q) = Jj^^ Q 
is finite, and denote the Lebesgue measure of an open subset U of R" by 
\U\. We write B''^{A) for the open ball of radius ^/A/n in W. For /c G N 
we set 

r A;|5"(yl)| 



where the supremum is taken over all A for which there exists a volume 
preserving embedding IJ(Li B^{A) ^ (Af, Moser's deformation method 
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readily implies that Vk{M,Q) = 1 for all G N. The main result of [10] 
shows more: For any partition M = Y[i=i of ^ i'^^o subsets Mj such 
that Int Mi is connected and Vol (Int Mj, 0) = ^ Vol (M, Vl) for all i there 
exists a volume preserving embedding Ui=i ^''C^) ^ LIf=i Int Mi with 
= 1 Vol (M, Q). If the volume form comes from a symplectic form 
a;, the sequence (1 — pk{M,ijo))^^-^ is a measure for how far the symplectic 
geometry of (M, lo) is from the volume geometry of (M, $7). 

Euclidean packings. Given a bounded domain [/ in R", define its fc'i/i Eu- 
clidean packing number as 



Afc([/) = sup 



A;|5"(a) 



where the supremum is taken over all a for which k disjoint translates of 
S"(a) fit into U. Then 

Afc(?7) < pk{U) < Vk{U) = 1 for all € N, 

and it is interesting to understand "on which side" Pk{U) lies. To fix the 
ideas, we assume that U is the unit ball i?" := B'^^tt) in R,"'. The precise 
values of (i?") are known only for small k: If 1 < fe < n + 1, the smallest 
ball containing k balls of radius 1 has radius 1 + y^2 — 2/k, and the centres 
of the balls are arranged as vertices of a regular (k — l)-dimensional simplex 
inscribed in the ball and concentric with it. Moreover, if n + 2 < k < 2n, 
the smallest ball B containing k balls of radius 1 has radius 1 + V2, and the 
packing configuration of 2n balls in B is unique up to isometry, the centres 
being the midpoints of the faces of an n-dimensional Euclidean cube whose 
edges have length 2\/2. In particular, 



(2) Ak {B' 



k, 

k 



if 1 < < n + 1, 
if n + 2<k<2n. 



While for 1 < A; < n + 1 these numbers were known to Rankin in 1955, for 
n + 2 < k < 2n they were obtained only recently by W. Kuperberg, |24j . 
An obvious upper bound for A^ {B^) is 

(3) Afc (i?") < A for all k>2. 

Given a bounded domain U in R", let conv(C/) be the convex hull of U . For 
each /c > 1 we set 

k IS" I 

(4) convjt (S") = sup ■ 



|conv({7)| 



where the supremum is taken over all configurations U oik disjoint translates 
of in R". Since is convex, A^ (S") < conv^ (fi") for ah /c G N. Let 
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S*^ = conv({7) be the sausage obtained by choosing 



fc-i 

(5) U = l[ {B- + iu) 

1=0 

where u is a unit vector in R". With Kn := \B^\ we then have \S^\ = 
Kn + 2{k — The sausage conjecture of L. Fejes Toth from 1975 states 

that equahty in Q) is attained exactly for U as in ©, and this conjecture 
was proved by Betke and Henk, pP, for n > 42. Therefore, 
(6) 

Afe (B'') < convk (S") = J^^, < J^.ll.r^ if n > 42. 

^ ^ - ^ ^ Kn + 2{k- l)Kn-l k-l]/ 2\l n + 1 

For arbitrary n, an older result of Gritzmann, J^, states that 

Afc(S") < convfc(i?") < (2 + ^3)^1^^. 

In order to get an idea of the values (-B") for large k we notice that the 
limit 

A" := lim Afc (S") 

fc— >oo 

exists and is equal to the highest density of a packing of R", see Section 2.1 
of Chapter 3.3 in J^. The highest density of a packing of is 

^ 0.9069 . . . 
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as in the familiar hexagonal lattice packing in which each disk touches 6 
others (Thue, 1910). The highest density of a packing of is 

A^ = ^= = 0.74048... 

as in the face centred cubic lattice packing which is usually found in fruit 
stands and in which each ball touches 12 other balls. This was conjectured 
by Keppler in 1611, and Gauss proved in 1831 that no lattice packing has a 
higher density. The Keppler conjecture was settled only recently by Hales, 
see [T7j and the references therein. For 4 < n < 36, the currently best upper 
bound for A" was given recently by Cohn and Elkies in jlOj . E.g., 

— = 0.61685 < A^ < 0.647742. 

16 - - 

Here, the lower bound is the density of the packing associated with the 
"checkerboard lattice" consisting of all vectors (a, 6, c, d) S with a + 6 + 
c + d G 2Z, and it is known that this is the highest possible density for a 
4-dimensional lattice packing. A result of Blichfeldt from 1929 states that 



(7) A" < (n + 2)2 



-(n+2)/2 



6 Packing symplectic manifolds by hand 

and the best known lower and upper bounds for A" of asymptotic nature 
are 

cn2-" < A" < 2-(°-599+o(i))n as n ^ oo 

for any constant c < log 2, see Section 2 of Chapter 3.3 in [TS] , 

We refer to to Sections 3.3 and 3.4 of |18|, and to |37] for more 
information on Euclidean packings, its long history and its many relations 
and applications to other branches of mathematics (such as discrete geom- 
etry, group theory, number theory and crystallography) and to problems in 
physics, chemistry, engineering and computer science. 

The symplectic packing numbers pk (^^) are listed in Tabled below. For 
n > 3, the results known about pk (i?^") are 

(8) Pk (i?'") = ^ for 2 < A: < 2", 

(9) Pin (^2") = 1 for all / G N, 

see jSni Corollary 1.5.C and 1.6.B] and Section[51l below. The identities © 
show that 

(10) lim Pk (5^") = 1 for ah n. 

Of course, A^. (i?^) < p^ (-B^) = Vk (-B^) = 1 for all k > 2. Comparing 
((21) or for n = 4 with the values pk {B^^ listed in Tabled we see that 

Afc {B'^) < Pk {B"^) for all k>2. 
Moreover, ^ and ((HJ show that 

Afc (-B^") < ^ Pk (S^") for 2 < A; < 2" and all n G N. 

Inequality ^ and ^ yield an explicit k{2n) such that 

Afc (-B^") < Pk (5^") for all k > k{2n) and 2n > 42. 

It is conceivable that Afe (i?^") < pk (i?^") for all /c > 2 and n G N, but we 
do not know the answer to 

Question 2.1. Is it true that A28 [B^] < P28 {B^) ? 

Finally, comparing (jlUj) with ((7| we see that pk (-B^") is much larger than 
Afc (i?^") for sufficiently large k and large n. 

4. Relations to algebraic geometry 

A symplectic packing of (M, a;) by k equal balls corresponds to a symplectic 
blow up of (M, uj) at k points with equal weights. Via this correspondence, 
the symplectic packing problem is intimately related to old problems in alge- 
braic geometry: The symplectic packing problem for the complex projective 
plane CF^ (completely solved by Biran in 4 J is related to an old (and still 
open) conjecture of Nagata on the minimal degree of an irreducible alge- 
braic curve in CF^ passing through N >9 points with given multiplicities. 
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see [HI 13 ISni Unj for details. Moreover, the symplectic packing problem is 
closely related to the problem of computing Seshadri constants of ample line 
bundles, which are a measure of their local positivity, see 13 El EH] • 

3. The packing numbers of the 4-ball, of CF^ and of ruled 

SYMPLECTIC 4-MANIFOLDS 

In this section we review the known packing numbers of interest to us and 
also compute pk for the nontrivial sphere bundles over Riemann surfaces for 
k<7. 

3.1. The packing numbers of the 4-ball and of CF^. Let losf be the 

unique U(3)-invariant Kahler form on CF^ whose integral over CF^ equals 
1. According to a result of Taubes, [11], every symplectic form on CF^ is 
diffeomorphic to atosF for some a ^ 0. In view of the symplectomorphism 
(11) 

(S^(7r),wo) ^ (CF2\CF\7rw5F) , z={zi,Z2) ^ [zi : Z2 : Vl^W 

further discussed in [371 Example 7.14] we have pk {B^) ^ Pk (CF^) for all 
k. It is shown in |361 Remark 2.1.E] that in fact 

(12) Pk [B^] = Pk (CF^) for ah k. 

A complete list of these packing numbers was obtained in jl] (see Table 



k 


1 


2 


3 


4 


5 


6 


7 


8 > 9 


Pk 


1 


1 

2 


3 
4 


1 


20 
25 


24 
25 


63 
64 


288 -1 

289 ^ 



Table 1. pu {B^) = Pfc (CF^) 



Explicit maximal packings were found by Karshon for /c < 3 and by 
Traynor 1^ for < 6 and A: = (J g N). We will give even simpler 
maximal packings for these values of k in 14.21 

3.2. The packing numbers of ruled symplectic 4-manifolds. Denote 
by Tig the closed orientable surface of genus g. There are exactly two ori- 
entable S^-bundles with base S^, namely the trivial bundle vr : x ^ 
and the nontrivial bundle vr: tx 5^ ^ S^, see I37| Lemma 6.9]. Such a 
manifold M is called a ruled surface. A symplectic form u; on a ruled surface 
is called compatible with the given ruling vr if it restricts on each fibre to a 
symplectic form. Such a symplectic manifold is then called a ruled symplectic 
4-manifold. It is known that every symplectic structure on a ruled surface 
is diffeomorphic to a form compatible with the given ruling vr via a dif- 
feomorphism which acts trivially on homology, and that two cohomologous 
symplectic forms compatible with the same ruling are isotopic ^2?^. A sym- 
plectic form u; on a ruled surface M is thus determined up to diffeomorphism 
by the class [lo] G i7^(M;F). In order to describe the set of cohomology 
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classes realized by (compatible) forms on M we fix an orientation of and 
an orientation of the fibres of the given ruled surface M. These orientations 
determine an orientation of M in a natural way, see below. We say that 
a compatible symplectic form to is admissible if its restriction to each fibre 
induces the given orientation and if u induces the natural orientation on M. 
Notice that every symplectic form on M is diffeomorphic to an admissible 
form for a suitable choice of orientations of T,g and the fibres. 

Consider first the trivial bundle x S'^, and let {B = [S^ x pt],F = 
[pt X S'^]} be a basis of i?^(M; Z). Here and henceforth we identify homology 
and cohomology via Poincare duality. The natural orientation of x S'^ is 
such that B ■ F = 1. A cohomology class C = bB + aF can be represented 
by an admissible form if and only if C • F > and C • C > 0, i.e., 

a > and 6 > 0, 

standard representatives being split forms. We write ^g{a) x 5^(6) for this 
ruled symplectic 4-manifold. 

In case of the nontrivial bundle x a basis of H'^iT^g x S*^; Z) is given 
by {^4,^}, where A is the class of a section with selfintersection number 
— 1 and F is the fibre class. The homology classes of sections of Sg x 5^ 
of self-intersection number k are Ak = A + ^^^F with k odd. The natural 
orientation of Eg x S'^ is such that A^ ■ F = A ■ F = 1 for all A;. Set 
B = A+F/2. Then {5, F} is a basis of ^52. with B-B = F-F = 

and B ■ F = \. As for the trivial bundle, the necessary condition for a 
cohomology class bB + aF to be representable by an admissible form is 
a > and 6 > 0. It turns out that this condition is sufficient only if g > 1: 
A cohomology class bB + aF can be represented by an admissible form if 
and only if 

a > 6/2 > if 5 = 0, 

a > and 6 > if 5 > 1, 

see jS3 Theorem 6.11]. We write (Eg x S'^,uiah) for this ruled symplectic 
4-manifold. A "standard Kahler form" in the class [coab] is explicitly con- 
structed in Section 3] and |33 Exercise 6.14]. When constructing our 
explicit symplectic packings, it will always be clear which symplectic form 
in [oJah\ is chosen. 

We begin with the trivial sphere bundle over the sphere. 

Proposition 3.1. Assume that a > b. Abbreviate pk = pk{S^{a) x 5*^(6)), 
and denote by [x] the minimal integer which is greater than or equal to x. 
Then 
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Moreover, 



P2 = -, 

a 



P3 



3 




1 






0, -,1 


2ab 




2' 



P6 = -rib 
ab 



P5 



2ab 

a + 26 2a + 26 





1 






|6, 5 j -J 


0,5.1 



P7 



2ab 



5 ' 7 
a + 36 3a + 46 4a + 46" 



\' 1 


1 




> on 


"•3' 











7 



13 



15 



\' 1 


1 8 7 " 


> on 


'4'Tl'8' _ 



In particular, fork < 7 we havepk{S'^{a)xS'^{b)) = 1 exactly for \ 



2, - = 1), 

'a 



(fc = 4, I = i), (fe = 6, I = \), (fc = 6, I = I) and (fc = 7, ^ = |). 

We explain our notation by an example: = -^b"^ if < ^ < ^ and 



P3 



In I4.3.l| we will construct explicit maximal packings of S'^(a) x 5*^(6) for 
all k with |"|] ^ < 1, for < 6 and < 6 < a arbitrary, and for k = 7 
and < ^ < |, as well as explicit full packings for k = 2m/^ if a = mb 
{l,m € N). These explicit packings will give to the above quantities a 
transparent geometric meaning. 

The following corollary slightly refines Corollary 5.B of [3]. 

Corollary 3.2. We have max (2^8^ < PiS^ia) x ^2(6)) < 8^ 

except possibly for ^ = in- which case P{S^{a) x S'^{b)) G {7,8,9}. For 
5^(1) X S^{1) we thus have 



k 


1 


2 


3 


4 


5 


6 


7 > 8 


Pk 


1 

2 


1 


2 
3 


8 
9 


9 

10 


48 
49 


224 / 
225 



Table 2. ^^(^^(l) x ^^(l)) 



Proposition 3.3. Assume thata > | > 0. Abbreviatepk = Pk{S'^t<S'^,uJab), 
and set {k) = k if k is odd and (k) = k + 1 if k is even. Then 
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Moreover, 



P3 



P6 



P7 



P5 

3 

ab 
7 

" 2a& 



jP2, 

5 
2d> 



P2 



PA 



ah 



2 

ab 



2a + 61 



2a + 36 V 



r 1 


2 


> on 






0,3,2 



7 



on 



2 

0,-,2 
5 



2a + 36 2a + 6V 



\' 1 


2 


6 2" 


> on 










7 . 



b, 



2a + 56 2a + 26 2a + 6V 



12 



7 



on 



2 10 4 
n _ _ 2 

^'7'11'3' 



2a + 56 6a + 96 4a + 46 4a + 36 6a + 36 V 



12 



28 



15 ' 13 
on 



16 



' 7 2' 23 7 9 



In particular, fork < 7 we have pkiS"^ ^^S"^ ,u>ab) = 1 exactly for {k = 3, - = |) 
(fe = 5, ^ = I), (A; = 6, f = I) (fe = 7, f = f ) (fe = 7, ^ = I) and 
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7^ 



In 14.3.21 we will construct explicit maximal packings of (S"^ x S'^,uJah) for 
all k with < 1, for A; < 5 and < | < a arbitrary, and for A; = 6 and 
^ e ]0, |] U [|, 2[. Moreover, given with ^ = 2;!^ for some m G N with 

m > I, we will construct explicit full packings of (S^ x S'^,iOab) by /(2m — /) 
balls. 



Corollary 3.4. l^e /iat;e max ( 2^, 8 ) < P{S^P<S'^,uJab) < 



8a 
b 
Sab 
(2a-6)2 



i/ b < a 
if b > a 



except possibly for ^ G {|, |, in which case the lower bound for P {^S^ k S^jWah) 
zs 7. For (S^ x S^jtJii) we thus have 



k 


1 


2 


3 


4 


5 


6 


7 > 8 


Pk 


1 

2 


9 

16 


27 
32 


25 
32 


9 
10 


48 
49 


14 ^ 
15 



Table 3. pkiS"^ x un) 



Proposition 3.5. Let g > 1 and let a > and 6 > 0. Then 



Pki^g{a) X 5^(6)) =Pki'^g X S^it^ab) = min<^ 1 



In particular, P(Eg(a) x S'^(6)) = x S'^,uJab) 



k 6 
2 a 



2a 
T 
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In 14 SI we will construct explicit maximal packings of ^g{a) x S^{b) and 
(Sg K S"^, uJab) for all k with |"|] ^ < 1 and explicit full packings for k = 2ml'^ 
if a = mb or 6 = ma (/, m G N). 

In the remainder of this section we prove Propositions I3.ll 13.31 and 13.51 and 
Corollaries 13.21 and 13.41 We assume the reader to be familiar with |3j . Set 
N = CF^, let L = [CF^] be the positive generator of H'^{N] Z), let iV^ be 
the complex blow-up of CF^ at k points and let Di, . . . ,Dk be the classes 
of the exceptional divisors. 

Proof of Proposition \T7\ Fix < 6 < a and set pk = pk{S'^{a) x S'^{b)). 
Biran ^ Theorem 6.1. A] showed that for any /c G N, 

\ k f aril + bn2 ^ ^ 
(13) pfc = min<l, — mf 



(14.k) 



' 2ab \2ni+2n2-l 

where the infimum is taken over all ni,n2 € Nq := N U {0} for which the 
system of Diophantine equations 

2nin2 = Yli=i '^i - 1 
2ni + 2n2 = Yli=i "ij + 1 

has a solution (mi, . . . ,mk) G Nq. It is easy to see that the only solutions 
of (fTU ll are (ni = 0, n2 = 1, mi = 1) and (ni = 1, n2 = 0, mi = 1), 
which yields Pi = This implies that Pfc < f ^ for all < 6 < a and 
all k, and that the reverse inequality holds true whenever a — ^ ^^^^ 
be shown in 14.3.11 In order to compute pk for 2 < /c < 7, let be the 
complex blow-up of S"^ x 5^ at points and let Ei, Ef^ be the classes of 
the exceptional divisors. Recall that we chose the basis of H'^{S'^ x 5^; Z) 
to be {B = [S'^ X pt], F = pt X S*^]}. The solutions of (Ok) correspond to 
the exceptional elements E = niB + — Y2i=i ^i^i ^ H2{Mk; Z) with 
ni,n2,mi, . . . ,mfc > 0. ^ 

Observe now that for k > 1, is diffeomorphic to N^+i via a diffeomor- 
phism under which the classes L, Di, D2, D3, . . . , D^+i correspond to the 
classes B + F — Ei, B — Ei, F — Ei, E2, . ■ ■ , Ek, respectively, cf. Figure E| 
below. The exceptional elements in H2{Nk^i; Z) for k <7 are listed in |131 
p. 35]. The values pk for 2 < k <7 are now obtained by evaluating this list 
in (dni). □ 

Proof of Corollary The estimates 2f < PiS^ia) x S'^{b)) < 8f are 
proved in A, Corollary B.5]. The claim now follows from the last statement 
in Proposition 13.11 □ 

Proof of Proposition E]3 Fix a > | > and set M = S'^ x S"^ and 
Pk = Pk{Mi<^ah)- With a = a — ^ and (3 = b the condition a > | > be- 
comes a > and /3 > 0. Recall that ujab = bB + aF = (3 A + {a + (3)F, where 



12 



Packing symplectic manifolds by hand 



{A,F} is a basis of H2{M;'Z) with ^-^ = -1, A- F = 1 and F ■ F = 0. Let 
0: Mfc M he the complex blow-up of M at /c points and let Ei, . . . , Ej^. 
be the classes of the exceptional divisors. The first Chern class of M is 
ci = 2A + 3F, so that the first Chern class of Mfc is ci = 2A + 3F- Xl^Li ^i- 
Let E = niA + n2F — "Y^^^i niiEi be an exceptional element in H2{M},; Z) 
with mi, . . . , irik > 0, that is, (ni, n2, mi, . . . , nik) E x Ng is a solution 
of the system of Diophantine equations 



(15.k) 



ni(2n2 — ni) 
ni + 2n2 



m7 



Ei=i + 1 



Suppose that oJab is a symplectic form on such that [t^ab] = [0*a;afc] — 
f Ei=i We claim that for e > small enough, u)ab{ci + E) > Q. Indeed, 
since mi, . . . , m^ > 0, (jlSlkl implies that ni, n2 > 0. Hence 



ujab{ci +E) = q(2 + m) + /?(3 + n2) - e ^(1 + m^) 



j=i 



is positive for e small enough. 

It now follows exactly as in the proof of Theorem 6.1. A in |^ that for any 
A; G N, 

2"! 



(16) 



Pk 



mm ■ 



1, 



k 



P{2a + (3) 



inf 



ani + /3n2 
ni + 2n2 - 1 



where the infimum is taken over all ni,n2 S Nq for which l|15l k) has a 
solution (mi, . . . ,mfc) S Nq. 

Observe now that for k > 0, is diffeomorphic to A'^^.+i via a diffeo- 
morphism under which the classes L, Di, D2, . . . , -Dfc+i correspond to the 
classes A + F, A, Ei, . . . , Ek, respectively, see IHZl Example 7.4]. Evaluating 
the list in [T3] in (fT6|l we obtain 

2 



Pi 



2a + 13' 



P2 



f3{2a + (3) 
4 



P3 = -jP2, 



Pi 



I3{2a + p) 



13, 



a 



a + (3 



2/3 



on ]0, 1, oo[. 



on 



0, -,00 



P5 



f3{2a + (3) 



a + 2(3 2a + 2(3 



6 



Pg 



Pi 



(3{2a + (3) 
7 

' (3{2a + (3) 



a + 2,(3 2a + 3(3 2a + 2(3]^ 



on 
2 



1 3 
0,-,-,oo 



on 



1 5 , 

0,3,3,4,00 



6 ' 7 ' 5 
a + 3/3 3a + 6/3 4a + 6/3 4a + 5/3 3a + 3/3\ 



6 



14 



15 ' 13 



on 



1 2 11 8 

0, ,-,7, 00 
3 3 6 3 
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Replacing a by a — | and /? by 6 we finally obtain the values pk for 1 < < 7 
as stated in Proposition 13.31 The identity Pi = ^ implies that Pk ^ for 
all < I < a and all k. That the reverse inequality holds true whenever 
< 1 will be shown ingSm □ 

Proof of CoroUary\^ Since pi = ^, we have that P(5^ k S'^,LOab) > X' 
and the last statement in Proposition 13.31 shows that ^(5"^ k S'^^uJab) > 8 if 
-a i {f , f , t) and K S\^ab) > 7 if | G {f , f , f }. Next, set 

. p ctni + /?n2 

aa/3 = mf — 

ni + 2?7,2 - 1 

where the infimum is taken over all nonnegative solutions ni, n2, mi, . . . , 
of (fT^ k). We claim that d^p > min{a, ^}. Indeed, (jl^l k) has no solution for 
ni = 71-2 = 0. Moreover, if rrii = • • • = nik = 0, then ni = 1 and 71-2 = 0, and 
the corresponding quotient is infinite. We may thus assume that 2n2 > ni. 
It is easy to see that for all (^1,71,2) G Nq \ {(0,0)} with 2?^2 > ni, 

ani + [3n2 ( (i 

> min < a, — 



Therefore, 



and so 



m + 2n2 - 1 I 2 




P{M,UJab) < 



if /3<2a 
^^(^ if /3>2a 



Replacing a by a — | and /3 by 6 the claim follows. □ 

Proof of Provosition 1X31 The statement for ^^(a) x 5*^(6) was proved in [IJ 
Theorem 6.1. A]. So let (M,a;af,) = (S,, k S'^Wab). We think of M as the 
projectivization F(Li © C) ^ of the complex rank two bundle Li © C 
over Eg, where Li is a holomorphic line bundle of Chern index 1, and we 
endow F(-Li © C) with its canonical complex structure Jean- Let (M^, Jean) 
be the complex blow-up of (F(-^^i © C), Jean) at k generic points and let Zjab 
be a blow-up of ujab- Finally, denote by £k the set of homology classes of Mk 
which can be represented by Wat-symplectic exceptional spheres. We claim 
that 

£k{Mk,^ab) = {Ei,...,Ek,F-Ei,...,F- Ek}, 
where Ei, . . . , Ek are the classes of the exceptional divisors and F G H'^[M; Z) C 
H'^{Mk; Z) is the fibre class. The analogous statement for Sg(a) x S'^(b) was 
proved by Biran, in the proof of his Corollary 5.C. His argument imme- 
diately applies to the twisted bundle and is repeated here for the sake of its 
beauty. 
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So let E = niA + — X]i=i "ij-Ej S £k- Let J{uJab) be the space of 
(Dafe-tamed almost complex structures on and let Je C i7(cDafe) be the 
subset of those J for which there exist J-holomorphic S-spheres. It is known 
[3 Chapter V, proof of Lemma 2.C.2] that Je contains a path-connected 
set which is open and dense in J{u)ah)- Let {Jt}o<t<i be a smooth path 
in JioJab) with {Jt}o<t<i C Je and Ji = Jean- Gromov's compactness 
theorem now shows that there exists a connected (but possibly cusp) Jcan- 
holomorphic S-curve C = Ci U • • • U Cn with g{Cj) = for all j. 

Let tt: — > be the lift of vr: AI ^ T,g. Since vr is Jca„-holomorphic, 
vf is Jcan-holomorphic. Let hj : S"^ Cj be a Jcan-holomorphic parametriza- 
tion of Cj and let Ij : ^ C be a lift of tt o hj to the universal cover of S^. 
By Liouville's theorem, Ij is constant, and so vr(Cj) is a point. Since this 
holds true for all j and since C is connected, 7r{C) is a point too. Hence, 
and since A is the class of a section, 

= n^{[C]) = n^{E) = n^imA + ns-F) = ni[Sg], 

and so ni = 0, i.e., E = n2-F — Yli=i "^i-^j- Since the first Chern class 
of Mk is ci = + (3 - 25)F - F;^, the conditions ^ • = -1 and 

ci{E) = 1 become ^^Li "^-f = 1 and 2n2 — X^^Li m-i = 1, which implies 
E € {El, . . . ,Ek,F - El, . . . , F -^Ek}. 

Conversely, Ei is clearly an Waft-symplectic exceptional class, and the 
proper transform of the Jean-fibre passing through the point Q^{Ei) is a Jean- 
exceptional rational curve and hence an Wafe-symplectic exceptional sphere 
in class F — Ei. 

Finally, we have that oJab{F) = h, ci{F) = 2 and 2 Vol {M,uJab) = 2ab. 
Proposition 13.51 now follows from Theorem 6. A in □ 



4. Explicit maximal packings in four dimensions 

In this section we realize most of the packing numbers computed in the 
previous section by explicit symplectic packings. Sometimes, we shall give 
two different maximal packings. It is known that for the 4-ball, CF^ and 
ruled symplectic 4-manifolds, any two packings by k balls of equal size are 
symplectically isotopic, see (21 Ell- 

Recall that is endowed with the symplectic form loq = dxi A dyi + 
dx2 A dy2- We shall often use the Lagrangian splitting lR^(j;) x IR^(y) of 
R^. Set □2(1) = ]0, 1[ X ]0, 1[ C lR2(y). In order to construct our symplectic 
packings by balls, we shall construct explicit symplectic embeddings of a ball 
B^{a) into products U x 02(1) of almost equal volume, where U C 1R2(x) 
is a domain as in Figure |21 below. The symplectic 4-manifolds (Af, uj) we 
shall consider contain a domain of equal volume which is explicitly symplec- 
tomorphic to F x □^(1) C ]R!^{x) x ]R.^{y). In order to construct an explicit 



15 



symplectic packing of (M, to) by k equal balls it will thus suffice to insert k 
disjoint domains U of equal width as in Figure |2l into V. 

In the explicit packings constructed in [22 HHl l2Hl HOI , a ball is viewed as 
a product U x □^(1), where U is an affine image of a simplex and thus in 
particular convex. Our domains U need not be convex, and so we have a 
larger arsenal of shapes at our disposal. 

4.1. How to map B^{a) to U x □^(1). Let D{a) be the open disc in 
of area a centred at the origin, and let 

R{a) = {{x,y) elR,^|0<x<a, 0<y<l}. 

Our symplectic embeddings -B^(a) ^ U x □^(1) C lR,^(x) x lR,^(y) will be 
obtained from restricting split symplectomorphisms ai x q!2 : D{a) x D{a) — > 
R{a) xR(a) to B'^{a). Notice that in dimension 2 an embedding is symplectic 
if and only if it is area and orientation preserving. In order to explicitly 
describe such embeddings, we follow 41 and start with 

Definition 4.1. A family C of loops in R(a) is admissible if there exists a 
diffeomorphism /3: D(a) \ {0} R{a) \ {p} for some point p G R{a) such 
that 

(i) concentric circles are mapped to elements of C, 

(ii) in a neighbourhood of the origin /5 is a translation. 

Lemma 4.2. Given an admissible family C of loops in R{a), there exists a 
symplectomorphism from D{a) to R{a) mapping concentric circles to loops 
ofC. 

We refer to jlj or |42l Lemma 2.5] for the elementary proof. Notice that 
the symplectomorphism guaranteed by the lemma is uniquely determined 
by its image of the ray {(x, 0) G D[a) | x > 0}. We can thus "explicitly" de- 
scribe a symplectomorphism from D{a) to R[a) by prescribing an admissible 
family of loops in R{a) and a smooth line from the centre of C to the bound- 
ary of R{a) meeting each loop exactly once. For the symplectomorphisms 
D{a) R{a) described in Figure^we have chosen this line to be a segment 
at height y = ^ from the centre of C to the right boundary. Consider first 
the symplectomorphism a represented by (a) in Figure E The restriction 
of a X a to B'^{a) is contained in the product U x □^(1) C IR^(x) x lR,^(y), 
where C/ is a small neighbourhood of the simplex [aa] of width a shown in 
Figure[21 Since for every neighbourhood U of [aa] we can choose a such that 
(a X a) (-B^(a)) is contained in U x □^(1), we shall work with the simplex 
[aa] instead of U. The bar in the notation a used in Figure Q and Figure [21 
indicates that a is the mirror of a. Figure |21 shows the xi-X2-shadows of 
the image of B^{a) under some other products of the symplectomorphisms 
in Figure ^ and of their mirrors. We invite the reader to create further 
shadows. 



16 



Packing symplectic manifolds by hand 



I 

(q) (a) 

M [ffi 

(7) (S) 

Figure 1. Symplectomorphisms D{a) R(a). 

^ ^ ^ ^ ^ 

[aa] [aa] [a a] [7a] [55] 

Figure 2. Some 2;i-X2-shadows. 





Remark 4.3. Besides of being explicit, the 4-dimensional symplectic pack- 
ings constructed in [211 I45j and in this section have yet another advan- 
tage over the packings found in \^ [Sj: The symplectic packings of 
(M, Lv) by k balls obtained from the method in |361 IH [3j are maximal in 
the following sense. For every e > there exists a symplectic embedding 
(fe-. ULi ^^"(a) ^ {M,uj) such that 



(17) 



Vol (ImvJe,^) ^ 



Karshon's symplectic packings of (^CP'^ ,u!sf) by 2 and 3 balls (^) given 
by the map and compositions of this map with coordinate permutations 
fill exactly ^ and | of (^'DP'^ ,losf) ■ Similarly, the 4-dimensional packings in 
j45j and in this section are maximal in the following sense: 

There exists a symplectic embedding ip: UiLi -S^(^) ^ i^i^) such that 
, N Vol (Im w) / , ^ N 

Moreover, if is explicit in the following sense: The image JJ^Li ^ (^^('^)) ^^f 
ip is explicit, and given a' < a one can construct ip such that its restriction 
to W^=i B'^{a') is given pointwise. 
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Indeed, choose a sequence a' < aj y a. The packings in 4^ and our 
packings ipiaj): ]Ji=i ^ i^, 

uj) can be chosen such that 

Im(/?(aj) C lnnp{aj+i) for all j. 

The claim now follows from a result of McDuff, stating that two sym- 
plectic embeddings of a closed ball into a larger ball are isotopic via a sym- 
plectic isotopy of the larger ball. O 

4.2. Maximal packings of the 4-baIl and of CF^. In view of the sym- 
plectomorphism and the identity (|12|) we only need to construct pack- 
ings of the 4-ball. It follows from Tabled that any k of the embeddings in 
Figure |31^a) yield a maximal packing of B'^ by k balls, k = 2,3,4, and that 
any k of the embeddings in Figure Ofb) yield a maximal packing by A; = 5, 6 
balls. Figure ISl^c) shows a full packing by 9 balls. 






(a) (6) (c) 

Figure 3. Maximal packings of B'^ for < 6 and k = . 

Explicit maximal packings of i?^ by /c < 6 balls were first constructed by 
Traynor in 45 . Her packings by 5 or 6 balls are constructed by a Lagrangian 
folding method. Neither Traynor's nor our packing method nor their com- 
bination can realize the packing numbers pj (-B^) = |f and (-S^) = iffj 
but they only fill | and | of the 4-ball by 7 and 8 equal balls, respectively. 

Question 4.4. Is there an explicit embedding of 7 or 8 equal balls into the 
4-ball filling more than | and | of the volume? 

4.3. Maximal packings of ruled symplectic 4-manifolds. Given a ruled 
symplectic 4-manifold (M, 0;^^), let Cjt(a, b) be the supremum of those A for 
which IJi=i -B^^l^) symplectically embeds into {M,iOab)^ so that 

(19) Pk{M,u;,,)- ^"'^"'^^ 



2Yol{M, UJab) 



We shall write c instead of Ck{a,b) if {M,uJab) and k are clear from the 
context. 

4.3.1. Maximal packings of S'^{a) x S'^{b). As in Proposition 13. II we assume 
that a > b. Represent the symplectic structure of 5*^ (a) x 5^(6) by a split 
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form. Using Lemma [4.2l we symplectically identify S^{a)\pt with ]0, a[x]0, 1[ 
and 5^(6) \pt with ]0,6[x]0,l[. Then 

a{a,b) X □2(1) = S\a) X S\b)\{S\a) xptUptx S\b)} . 

Besides for k £ {6,7}, we will construct the explicit maximal packings 
promised after Pr op osition 13 . 1 1 by constructing packings of n(^a,b) x □^(1) 
which realize the packing numbers of S'^{a) x S'^{b) computed in Proposi- 
tion 13.11 and hence are maximal. (It is, in fact, known that all packing 
numbers of 0{a, b) x □^(1) and S'^{a) x S'^{b) agree, see (HHl Remark 2.1.E]). 

To construct explicit maximal packings for all k with j"^] | < 1 is a trivial 
matter. Figure shows a maximal packing by 1 and 2 respectively 5 and 6 
balls. 

a a 
(a) (6) 

Figure 4. Maximal packings of S'^{a) x S'^{b) by k balls, 

Let now k = 3,4 and ^ > i. Fi gurelHl shows maximal packings of S (a) x 
S^{b) by k balls for ^ = i, f = | and ^ = 1. For ^ > i the (xi,X2)- 



X2 X2 X2 




Figure 5. Maximal packings of S'^{a) x 5*^(6) by 3 and 4 
balls, ^ > i. 

coordinates of the vertices of the "upper left ball" are 

(0,c), (a-c,6), (c,c), (a-c,6-c), 

where c = ^j^. As in most of the subsequent figures, the three pictures in 
Figure [5] should be seen as moments of a movie starting at ^ = ^ and ending 
at ^ = 1- Each ball in this movie moves in a smooth way. 

Next, let A; = 5 and ^ > 5. In order to construct a smooth family 
of maximal packings of S'^{a) x S'^ib) by 5 balls, we think of the maximal 
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packing for ^ = ^ rather as in FigureElthan as in FigureE^a). The xi-width 
of all balls is and the "upper left ball" has 5 vertices for i < ^ < | 

and 7 vertices for ^ > f • 



X2 



6 _ 1 
a 3 




Xl 




X2 



Xl 



Xl 



k = 3 
a 4 



Figure 6. Maximal packings of 5^ (a) x S^{b) by 5 balls, | > 



3- 



For k G {6, 7}, we cannot realize the packing numbers pk [S^{a) x 5*^(6)) 
by directly packing rectangles as for k < 4. We shall instead construct 
certain maximal packings of CF^ which correspond to maximal packings 
of 5^ (a) X 5^(6). As noticed in j^, the correspondence between symplec- 
tic packings and the symplectic blow-up operation and the diffeomorphism 
mentioned in the proof of Proposition I.S.ll imply 

Lemma 4.5. Packing S'^(a) x 5*^(6) by k equal balls Y[i=i -^^(c) corresponds 
to packing {CF^ , {a + b - c)ujsf) by the k + I balls B^{a - c)]\B^{b - 
c)Uti^'(c)- 

In order to make this correspondence plausible, we choose ^ = | and 
c = C6(a, b) = and we think of (CF^, (a + 6 — c)ijJsf) as the simplex 

of width a + b — c and of 5"^ (a) x S'^(b) as the rectangle of width a and 
length b. As Figure [T] illustrates, the space obtained by removing a ball 
i?^(c) from S'^{a) x S'^{b) coincides with the space obtained by removing the 
balls B^{a - c) U 5^(6 - c) from (CF^, (a + 6 - c)ujsf)- 
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Figures El El and EH describe explicit packings of (CF^, {a + b — c)iosF) 
by balls B^{a - c) U B^{b - c) U'i=i ^^(c) for k E {6, 7} and c as in Propo- 
sition |S3 The lower left triangle represents S^(a — c) and the black "ball" 
represents B^{b — c). 




Figure 8. Maximal packings of S'^{a) x 5*^(6) by 6 balls, 



From these packings one obtains explicit packings of S'^ (a) x (6) as fol- 
lows: First symplectically blow up (CF^, {a + b — c)lusf) twice by removing 
the balls B^{a — c) and B^{b — c) and collapsing the remaining boundary 
spheres to exceptional spheres in homology classes Di and D2 ■ The resulting 
manifold, which is symplectomorphic to 5"^ (a) x S'^{b) blown up at one point 
with weight c, still contains the k — 1 explicitly embedded balls -B'^(c), and 
according to Theorem 4.1. A] the exceptional sphere in class L — Di — D2 
can be symplectically blown down with weig ht c to yield the /c'th ball B^{c) 
in 52(a) X S^{b). 

Finally, the construction of full packings of S'^{mb) x S'^{b) by 2ml'^ balls 
{l,m G N) is also straightforward. FigTire ITTI shows such a packing for 
l = m = 2. 




Figure 11. A full packing of S^{2b) x S^{b) by 16 balls. 



4.3.2. Maximal packings of (^S'^ tK , Uab) ■ In order to describe our maximal 
packings of (iS^ ix , ujab) , it will be convenient to work with the parameters 

a = a — |,/9 = 6, so that a > 0, /3 > and Uab = PA + {a + P)F. Recall 
that S'^ >< S'^ is diffeomorphic to the blow-up A^^i of CF^ at one point via a 
diffeomorphism under which L, Di correspond to A + F, A. We can there- 
fore view (5^ IX S'^,LOab) as Ni endowed with the symplectic form in class 
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(a + /3)L — aDi obtained by symplectically blowing up (CF^, (a + 0)ujsf) 
with weight a. Since symplectic blowing up with weight a corresponds to 
removing a ball B'^{a) and collapsing the remaining boundary sphere to an 
exceptional sphere in class Di , we can think of this symplectic manifold as 
the truncated simplex obtained by removing the simplex of width a from 
the simplex of width a + (3. 

Denote by [x\ the integer part of x > 0. In the parameters a and (3, 
the packings promised after Proposition 13.31 are explicit maximal packings 
of (5^ >< S'^,LOab) for all k with < 1, for A; < 5 and a, (3 > arbitrary, 



and for A; = 6 and £ e ]0, 1] U [4, oo[. Moreover, given uJab with £ = 
for some l,m £ ¥\ with m > I, we will construct explicit full packings of 
{S^ X S^,uJab) by /(2m - /) balls. 



Set Cfc 



Ck{a,b) = CkiS"^ X S"^, 



iOab). Using 2 Vol (52 K S^iUab) = Pi2a + 



(3) and (|19|) we read off from the list in the proof of Proposition 13.31 that 

a + 13' 



Cl = /?, 



C2 = C3 



on ]0, 1, oo[. 



C6 



C5 



C4 



/3. 



on 



1 

0, -, 00 
2' 



a + 2(3 2a + 2/3 



4 ' 5 
a + 3/3 2a + 3/3 2a + 2/3 



on 



0, 



1 3 
2'2' 



00 



6 



7 



on 



To construct packings with pk = ^ 2a+fi ^ ^ with [f J £ < 1 is very 
easy. Figure IT^ a) shows a maximal packing by 1 ball, and Figures IT^ bl) 
and (b2) show maximal packings by 4 and 5 balls for ^ = ^ and ^ < \i 
respectively. Figure IT^ shows maximal packings for A: = 2,3 and — > 1. 



1 5 , 
0,3,3,4,00 

k 1/3 




Xi 



a + (3 




Xl 



a + [3 



(a) 



(61) 




a + [3 



(62) 



Xl 



Figure 12. Maximal packings of {S"^ x S'^.ujab) by k balls, 

L|J|<i- 



Also our maximal packings by 4 balls are easy to understand (Figure 
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X2 




Xl 



a + (3 



Figure 13. Maximal packings of [S"^ x S'^,LjJab) by 2 and 3 
balls, ^ > 1. 

and Figure ITM a)!: 2c4 = /3 + ^ just means that the two middle gray balls 
touch each other. As long as ^ < |, there is enough room for a fifth (black) 
ball between these two balls. If ^ > |, there is enough space for a fifth 
ball if and only if the capacity c of the balls satisfies 2c + | < q + /?; hence 
C5 = (Figures HHbl) and (b2)). 






a + (3 



a + (5 



a + (3 



£ - i 

a 2 



13 



1 



^ - 3 
a 2 



Figure 14. Maximal packings of [S"^ k S'^,ujab) by 4 and 5 
balls, \<^<l 



Let now /c = 6. Figure [TBI shows maximal packings for | < ^ < 1. For 
— > i the vertices of the "lower middle ball" are 

a S 

a + 13 a + (3\ fa + P a + (3 



(a+/3-2c6,C6) 



(a+/3-C6,C6) 



C6 



2 2 y ' \^ 2 2 

Maximal packings for ^ > 4 are illustrated in Figure [T71 

Remark 4.6. It is not a coincidence that we were not able to construct 
maximal packings of (S*^ k S'^,uJab) by 6 balls for all ratios ^ > 0. Indeed, 
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Q + /3 a + B a + 

a 2 a 3 a 



Figure 16. Maximal packings of (S*^ k S'^,ujab) by 6 balls, 
i<^<l. 

d — a — 

a maximal packing of (5^ x S'^^uOab) by 6 equal balls for ^ = | corresponds 
to a maximal packing of the 4-ball by 7 equal balls. O 

Finally, suppose that ^ = for some /, m G N with m > I. We can 
then fill (5^ x by l{2m - I) balls by decomposing S'^ x S*^ into I 

shells and filling the i-th shell with 2m + 1 — 2i balls (see Figure I18( where 
I = 2 and m = 4). 

4.3.3. Maximal packings ofTig{a) x S'^{b) and (Tig x S'^,u}ah) for g > 1. Fix 
a > and 6 > 0. We represent the symplectic structure of Sg(a) x S'^ih) by a 
split form. Removing a wedge of 2g' loops from S(a) and a point from S^(6) 
we see that Tg{a) x 5'^(6) contains 0(0, b) x □^(1). The explicit construction 
of the "standard Kahler form" in class [oJah] given in [HSl Section 3] and P71 
Exercise 6.14] shows that also (S^ x 5^,a;afe) endowed with this standard 
form contains h) x □^(1). The explicit maximal packings promised after 
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X2 X2 



1 




Figure 17. Maximal packings of (S*^ k S'^,LOab) by 6 balls, 




Xl 



a + P 



Figure 18. A full packing of (5^ ix S'^,uJab), | = 1, by 12 balls. 

Proposition 13.51 can thus be constructed as for S^{a) x 5*^(6), see Figures ^ 
andHH 

4.4. Explicit packings of Sg(a) x S/j(6) for g,h > 1. We consider 4- 
manifolds of the form T,g x S/^ with ^f, /i > 1. The space of symplectic 
structures on such manifolds in not understood, but no symplectic structure 
different from T,g{a) x for some a > 0, 6 > is known. For Sg(a) x 

T,h{b), no obstructions to full packings are known. Recall from that for 
f eQ, 

P(Sg(a) X := inf {fco G N | (^^(a) x = 1 for all k > ko} 

is finite. In fact, Biran showed in Corollary l.B and Section 5 of [3] that 
(20) P (r2(l) X T^il)) < 2 
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and that 

,21) Pi^,i.y.^M><{i:i ::it^\iry 

If I ^ Q or if 1 < < P(Sg(a) x not much is known about 

Pk (Sg(a) X We can assume without loss of generahty that a > b. 

Since the symplectic packing numbers of S'^{a) x S'^{b) and 0(0, 6) x □^(1) 
agree, and since n[a,b) x □^(1) symplectically embeds into ^g{a) x Sh(6), 

(22) pk {S\a) X 52(&)) < pk (Sg(a) x for all E N, 

and Figures HI and [TTl describe some explicit packings of Sg(a) x 
A comparison of Corollary 13.21 with the estimates H2U|) and H21|) and with 
Proposition 14.71 below shows, however, that in general the inequalities ()22() 
are not equalities and that for Sg(a) x T,h(b) not all of the packings in 
Figures 01 El and El are maximal. 

Elaborating an idea of Polterovich, 37, Exercise 12.4], Jiang constructed 
in j2()| Corollary 3.3 and 3.4] explicit symplectic embeddings of one ball 
which improve the estimate ^ < pi (Sg(a) x from (|22() . 

Proposition 4.7. (Jiang) Let SS{a) be any closed surface of area a > 1. 

(i) There exists a constant C > such that pi [SS{a) x r^(l)) > C. 

(ii) Ifh>2, there exists a constant C = C{h) > depending only on h 
such that wg {SS{a) x SSh{^)) > Clog a. In other words, 

p,iSS{a)xSS,{l)) > 



2a 

Notice that for SS = Biran's result pi {S^{a) x SSh{l)) = min (l, f ) 
stated in Proposition 13 . 51 is much stronger. We shall use Jiang's embedding 
method to prove the following quantitative version of Proposition 14.71 (i) . 

Proposition 4.8. If a>l, 

max{a + 1 - y/2a + 1, 2} 



{SS{a) X T\l)) 



> 



4a 



In particular, the constant C in Proposition \4-T\ (i) can be chosen to be C = 
1/8. 

Proof. Set R{a) = {{x,y) GlR^|0<x<l, < y < a}, and consider the 
linear symplectic map 

{R{a) X R{a), dxi A dyi + dx2 A (ij/2) ^ (IR^ x ^ j dxi A dyi + dx2 A ^2/2), 

(xi,yi,x2,y2) ^ (a;i +y2,yi,-y2,yi + 2:2). 

Let pr: ^ = R/Z x R/Z be the projection onto the standard sym- 
plectic torus. Then (id2 x pr) o ip: R(^a) x R{a) — > R X r2 is a symplectic 
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embedding. Indeed, given {xi,yi,X2,y2) and {x'i,y'i, X2,y2) with 

(23) xi + y2 = x[ + y2 

(24) yi = y[ 

(25) -2/2 = -y'2 mod Z 

(26) yi + X2 = y'l + x'2 mod Z 

equations H24|) and (|26() imply X2 = mod Z, whence X2 = 2;2. Moreover, 
(^5]) and (PS)) show that y2 — y'2 = ^1 — = mod Z, and so xi = x[ and 
y2 = y'2- Next observe that 

((id2 X pr) o if) [R{a) x ii(a)) C ] - a, 0[x] - a - l,a + 1[xT'^. 

Thus i?(a) X R(a) symplectically embeds into SS{2a{a + 1)) x T^(l), and 
since B'^{a) symplecticahy embeds into R{a) x R(a) and -6^(1) symplecti- 
cahy embeds into SS{a) x T^(l) for any a > 1, Proposition 14.81 fohows. □ 

4.5. Maximal packings of 4-dimensional ellipsoids. We finally con- 
struct some explicit maximal packings of 4-dimensional ellipsoids 



E{a,b) = \ izuZ2) £ C 



a b 

Without loss of generality we consider E(tt, a) with a > vr. 

Proposition 4.9. (i) For each k £ ¥1 the ellipsoid E{iT,k'K) admits an 
explicit full symplectic packing by k balls. 

(a) Pi {E{T:,a)) = and p2 {E{'K,a)) = min (^, and these packing 
numbers can be realized by explicit symplectic packings. 

The statement (i) was proved in [451 Theorem 6.3 (2)], and (ii) was proved 
in j3()| Corolary 3.11]. Their embeddings are different from ours. 

Proof of Proposition |^.^4 " (i) Set 

A(a,b) = io<xi,X2 — + ^ < l| C R2(x), 
L a b ) 

□ (a, b) = {0 < yi < a, < y2 < 6} C R^iy), 

and abbreviate A^(7r) = A(7r, vr). We see as in Section r4.1l that we can think 
of ^^(vr) as A2(7r) x 0^(1) and of E{-k, kn) as A(7r, kir) x 0^(1). The linear 
symplectic map (xi, X2,yi,y2) ^ {xi,kx2,yi, ly2) maps A'^{7r) x 0^(1) to 
A (vr, kn) x □ (l, and it is clear how to insert k copies of this set into 
A(7r,fc7r) X 0^(1). 

(ii) The estimates pi {E{tt, a)) < ^ and p2 {E{Tr,a)) < ^ follow from 
the inclusion E{'K,a) C Z^{it) and from Gromov's Nonsqueezing Theorem, 
and p2 {E{iT, a)) < ^ follows from E{7r,a) C B^{a) and Gromov's result 
P2 (-B^(a)) < ^ stated in (jSJ. The inclusion B^{Tr) C E{Tr,a) shows that 
pi{E{-K,a)) = ^, and explicit symplectic packings of E(TT,a) by two balls 
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realizing p2 {E{'K,a)) = min ^) can be constructed as in the proof of 
(i). □ 



5. Maximal packings in higher dimensions 

In dimensions 2n > 6, only few maximal symplectic packings by equal balls 
are known. 

1. Balls and {(CF'^,ojsf) 

As in dimension 4 we denote by lusf the unique U(n + l)-invariant Kahler 
form on CP" whose integral over CF^ equals 1. The embedding gen- 
eralizes to all dimensions, and 

Pk (^2") = p,, (CF",u;5f) for ah 

see (Ml Remark 2.1.E]. Recah from © and © that 

Pk (^'") = ^ for 2 < < 2", 

An explicit maximal packing of {CW^^ujsf) by A; < 1 balls was found by 
Karshon in [SJ, and explicit full packings of B^^ by /" balls for each / G N 
were given by Traynor in (45j. Taking 1 = 2, any k balls of such a packing 
yield a maximal packing by k balls. The following different construction 
of an explicit full packing of B^^ by P equal balls is mentioned in |45| 
Remark 5.13]. Set 

A"(a) = {0<xi,...,x 



n 

X. 



i=i ) 

□"(a) = {0<yi<a, l<i<n} C IR"(y). 

We see as in Section HTI that we can think of B'^^{7r) as A"(7r) x □"■(!) and of 
(f ) as A*^ (f ) X □"(!). The matrix diag [I, . . . ,1,}, . . . ,\] £ Sp(n; R) 
maps A"- (j) X □"(!) to A" (vr) x □"■ ( j). It is clear how to insert P copies 
of A" (vr) X (1) into A" (vr) x (1). 

2. Products of balls, complex projective spaces and surfaces 

Set n = Yli=i ^'^d let ai, . . . , Orf G vrN. According to |3ni Theorem 1.5. A], 
the product 

(CF'^i X ••• X (CF""',aiiOsFe-- - ®adOJsF) 

admits a full symplectic packing by ^^|"'^^, a"^ • • • a^'' equal 2n-dimensional 
balls. These full packings can be constructed in an explicit way. Indeed, 
explicit full packings of B^"^{ai) by a"' equal balls as in 1. above can be 
used to construct explicit full packings of 

s2"i(ai)x...xi?2n.(o^) 
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ml-nd! ^!^ • • • Qrf'' balls, see [2S1 Section 3.2]. In particular, there are 
explicit full packings of the polydisc P (ai, . . . , a„) and of the products of 
surfaces (ai) x • • • x T,g^{an) with Oj E ttN by n! ai • • • On equal balls, see 
also jini Section 4.1], [^01 Theorem 4.1], and Figure above for the case 
n = 2. An explicit packing construction in [301 Theorem 1.21] yields the 
lower bounds 

924 Q 
P7{C'{7r))>— and {C\n)) > -. 

The technique in the proof of Proposition 14.81 can be used to generalize 
Proposition I4.7l (i): For any closed surface S endowed with an area form 6 
and any constant symplectic form u on the 2n-dimensional torus T^", there 
exists a constant C > such that pi (S x r^",a6 © a;) > C for all a > 1, 
see dOl Theorem 3.1]. 

3. Ellipsoids 

Generalizing Proposition 14.91 (ii) . the packing numbers pi (E{ai, . . . , a„)) = 
and p2 {E{ai, . . . , an)) = ^^.^.^ min (a", (^)") of a 2n-dimensional 
ellipsoid were computed and realized by explicit symplectic packings in |3U1 
Corollary 3.11]. 

Remark 5.1. Karshon's explicit packing of (CF",^;^^) by < n + 1 balls 
is maximal in the sense of ()17() . Since in dimensions > 6 it is not yet known 
whether the space of symplectic embeddings of a closed ball into a larger 
ball is connected, all other explicit (and non-explicit) maximal symplectic 
packings known in dimensions > 6 are maximal only in the sense of 1)181) . 

O 

We conclude with addressing two widely open problems. As before, we 
consider connected symplectic manifolds of finite volume. 

Question 5.2. Which connected symplectic manifolds {M,uj) of finite vol- 
ume satisfy pk{M,uj) = 1 for all k > 1? 

Examples are 2-dimensional manifolds, (CF^,u;sf) symplectically blown 
up at > 9 points with weights close enough to and 5*^(1) x ^^(l) 

symplectically blown up at A > 8 points with weights close enough to 
1/\/A (see jH Section 5]), the ruled symplectic 4- manifolds Sg(a) x 5^(6) 
and (Sg X S"^ ,u>ah) with g >1 and b >2a and their symplectic blow-ups (see 
Proposition 13.51 and j4| Theorem 6.A]), as well as certain closed symplectic 
4-manifolds described in [IJ Theorem 2.F] and their symplectic blow-ups. 

A related problem is 

Question 5.3. Which connected symplectic manifolds (M, w) of finite vol- 
ume satisfy pi{M, to) = 1? 

Examples different from the above ones are the ball B^^ and {CP^,iosF), 
and, more generally, the complement (CP" \ T,uisf) of a closed complex 
submanifold F of CP'' (see |M1 Corollary 1.5.B]). 
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